Introduction
Recent studies in maths education place the emphasis on mathematical knowledge put into functional use in a multitude of different situations and contexts [1] . Many mathematics educators are focussed on the field of new cultures of assignments, project-oriented work and as a consequence they are very interested in creating environments in which learners can actively work on a conceptual level [2] . This is especially true in junior high school, where mathematical concepts are often shadowed by the necessities of calculating, symbol manipulating by hand, drawing, etc. Restricting maths education to these technical skills (no matter how important they might be) creates a twisted image of mathematics as being dull and dreary [3] . That is why it is of vital importance to convey to young learners the real spirit of mathematics as a field in which they can not only generate, test, and play with ideas, but also share them with their peers from different countries. This was one of the fundamental goals of the WebLabs project.
The WebLabs Project

The educational context
WebLabs is a three-year EU-funded educational research project oriented towards finding new ways of representing and expressing mathematical and scientific knowledge in communities of young learners [4] . The focus is on collaborative construction, description and interpretation of important mathematical and science concepts and ideas. Furthermore, the students collaboratively construct and critique each other's evolving knowledge and working models. The methodology used by the research team combines traditional discussion and group work with the power of contemporary technologies, as a means of expressing and exploring ideas in mathematics and science. WebLabs utilizes two main media for its activities: ToonTalk (a programming environment) and WebReports (a web-based collaboration system). The activity described in this paper was conducted in collaboration between children in three sites, two in Bulgaria (Sofia and Plovdiv) and one in the UK (London). In the second year of the project it will be extended to several more sites.
ToonTalk as a medium
ToonTalk is an animated programming environment. To the end user, it appears as a computer game, in which a character manipulates objects or trains robots to manipulate them for her (Fig. 1) . In fact, it is based on extremely powerful computational models [5, 6, 7, 8] .
ToonTalk has some unique features that provide good starting points for exploring mathematical topics:  ToonTalk inherently provides visualization of the computational process.  ToonTalk programs, by nature, run forever (they stop only when certain constraints are violated).  ToonTalk programs can be tweaked and tinkered with while they run. Thus the modelled phenomena can be explored dynamically and interactively.
Powerful as it is, new requirements for ToonTalk emerged while designing the educational activities. Some of these were addressed by developing a programming culture around ToonTalk such as incorporating a pattern of streams [9] , while others resulted in enhancements to the environment itself, such as a diminishing visual representation of decimal fractions.
WebReports: The collaboration system
The WebReports system was designed with several key features in mind:  To be easy and simple to use so that students and researchers alike could express themselves in it without mediation.  To support personal as well as group content.  To support sharing of ideas both through text and through working ToonTalk models. Instead of developing a system of our own, we made a strategic decision to use an existing vanilla flavour open source system. Our first prototype was built upon JSPWiki [10] whereas the current system is based on Plone [11] . (See Godwin-Jones [12] for a brief introduction to this class of technologies.) 3 Knowledge domain
Motivation
When studying the archive of Math forum [13] we found many letters by students of various ages asking Dr. Math about the next term in a particular sequence. But to us the most interesting problems were the ones some of the teachers had come across. Here are two highly representative examples: Identifying a rule that generates a sequence and the ability to manoeuvre between the representations of a sequence as a list of elements and its encapsulation in a single rule are the basis for many mathematical intuitions.
The concept of infinity is a pure mental construct and cannot be rooted in our experience. As such, it is an archetypal mathematical concept. Although most naïve thinkers have no problem with a process that goes on forever (potential infinity), relating to infinity as an object or property in its own right (actual infinity) is harder to grasp [14, 15, 16, 17] .
Aims of the Exploring Sequences and Infinity module
The WebLabs project defined a set of pedagogical aims, some general and some specific to each knowledge domain [18] . Among the aims relevant to the activity described here are:  To get new insights into numeric sequences by analysing given examples and constructing novel instances.  To explore the relationship between a sequence as a process and as its product.  To develop a non-algebraic language for describing, discussing and reasoning about convergence, divergence and limits.  To develop students' ability to evaluate their and their peers' arguments and reasoning.  To discriminate between empirical evidence and formal argumentation, while using both in exploratory activities.  To establish a collaborative culture in mathematics investigations
First impressions
During the spring of 2003 we conducted a pilot study of one of the activities in the sequences domain. This activity was tested in parallel, and in collaboration, in Sofia and in London. The main topic of the activity was constructing and analysing numeric sequences. We showed students several sequences and challenged them to find their generating rule. Then we let the students lead the activities, asking them to challenge us and their peers. The cycle of problem posing and problem solving was repeated several times. At first, in a classroom discussion; then, in pair work using pen and paper; finally, in and across sites using the technological media. This last stage was presented as a game: children were asked to model their sequence by training a ToonTalk robot to produce it. Once they did so, they published it as a webreport, and their peers (in and across sites) were challenged to discover its rule. Whoever claimed she knew the rule for another's sequence trained a robot that produced the same sequence and posted it as a response to the original challenge [19] . Students repeated this game over several sessions, proposing harder sequences and arguing about alternative methods of modelling the same sequence.
Group discussion and pen-and-paper activity
During the first phases of the activity we asked the students to pose their own sequences. We did not tell them how to describe them. As a result, students came up with their own intuitive representations of the sequences. Although these differ greatly from standard mathematical notation, they were just as precise (Fig. 2) . Not only that, these notations could be mapped directly to ToonTalk models-albeit not in the way students thought they would be. Let us consider some examples.
Teacher: What are those arrows you draw over the numbers? Student: Actions taken to obtain the next number. Teacher: Who or what could represent such arrows in ToonTalk?
The group:Birds flying among boxes … robots copying numbers from cell to cell …
A new type of proof
One of the sequences posted as Angelina's challenge looked like this ( Fig. 3 ): 
Student: The robot is like my proof that I got it?
The concept of a program as proof of a mathematical proposition was not presented by us. The students suggested it out of their own accord. Not only that, they insisted on it-bringing it back into conversations again and again. Reflecting on the students' comments, we realized that they had presented us with a powerful idea. Our design for the activity on infinity was greatly influenced by this idea. 4.3 Working with more complex sequences: the "streams" approach Another sequence that was sent as a challenge was the following: 1, 3, 7, 13, … Oscar figured out the "rule" for the sequence as:
1, +2, +4, +6, +8, …
But he failed to train a robot for that rule. We decided to devote the session to this particular sequence since it was significantly more complex than the sequences the students had We chose to take the streams approach to this problem, i.e., to direct the children to building two robots, one producing 2, 4, 6, 8, … and the other consuming it and producing the sequence of its partial sums. Such an approach suggests the use of some particular principles, important both in mathematics and informatics:
 Problem decomposition (in the style of "Divide and Conquer")  Modularity and Flexibility (When built in this method the solution is very easy to tinker later on.)
Caveats
Modelling mathematical objects is a process of fitting intuition into structure. However, some parts of this structure are inevitably extraneous to the concept in question. While we hold that modelling in general provides great affordances for mathematical meaning-making, these facets of the modelling framework may hinder students' access to the mathematical meaning.
A student wanted to train a robot to produce the sequence 3, 12, 48, 192 , …. Her robot was trained to compute the next term according to the "times 4" rule and then pass it on to a bird. During training and testing she used a0 = 1. Thus, it produced the sequence 4, 16, 64, … (Fig. 4) . The teacher asked her to change the input so that the first output term would be 3. At this point, there were two choices of intervention: the first one was to lead the student to reach the algorithmic solution (if she sends the output before adding 4, she could get any number as the first element); the second one was to help her find the algebraic solution (use 0.75 as the first element). We chose the second approach so as to offer a chance to investigate a mathematical issue. Besides, it was possible that the student didn't know if ToonTalk could handle fractions. 
Six months later
In Sofia we met some of the students approximately six months after running this activity. We challenged them to construct robots for the sequences 1, 4, 9, 16, … and 4, 5, 7, 10, 14, .… Here is part of our discussion with the children: Anyone slightly more experienced with numbers would have seen this sequence as squares of the natural numbers. But by studying the differences instead, the boy was able to generalize the robot so that it could generate the last two sequences as partial cases.
Another student was working on the same sequence. He realized that 1, 4, 9, 16, … were in fact the consecutive sums of the odd numbers. So he created two robots-one generating the odd numbers and another one accumulating the consecutive sums of the terms generated by the first one.
Conclusions
Participants were highly involved in the activity. They came up with surprisingly complex sequences and some unexpected insights about the relationship between modelling and the underlying mathematical structure. The exercise also raised several issues which fed into the redesign of the activity in the second year of the project.
As many researches have reported (see [20] for a recent example), in any teaching methodology that involves programming, a significant measure of time has to be devoted to the acquisition of the technical programming skills. This is even more evident when one tries to go beyond the basic structure of the environment, and leverage sophisticated techniques. Nevertheless, it should be noted that when the choice of techniques is carefully interwoven into the pedagogical framework, they could become vehicles for ideas in themselves.
In our case, mastering the tools, and particularly the streams approach, required much more effort than we expected. On the other hand, students made some of the most insightful remarks while they were struggling with what would appear as a purely technical issue.
Another interesting phenomenon was that more than one student who found it hard to verbalize the rules behind sequences, was able to construct the robots for generating them, with ease. One student even expressed this as: I am not a words person, I am a robot person! The programming and collaboration media are very absorbing, both for learners and researchers. It is very tempting to follow random paths, which seem fun and challenging, but do not lead to a coherent mathematical story. On the other hand, it is practically impossible to design an activity around a mathematical theme without first exploring the media in an educational setting.
We started out with a loosely connected "web of ideas" (following [21] ), and some general intuitions about the adequate tools to approach these ideas. Through learners' interactions with the tools, and their comments and reflections, we discovered new links between the ideas and tools, and even between the mathematical ideas themselves. We now have to incorporate these new links into the design of activities.
Future directions
Over the next year of the WebLabs project we will engage in the second iteration of our design experiment. Following the lessons from last year's study, we will concentrate on addressing the caveats mentioned above.
First and foremost, we must identify several distinct threads, or trails, through the web of mathematical ideas. Trails which learners can follow, and that maintain a clear story in their minds. These trails will constitute the basis for any future activity design, and will define the tools we should provide or develop.
Secondly, the issue of acquiring the trade of programming needs to be put up front. The activity sequence has to be structured not only to follow a mathematical theme, but also at the same time to gradually develop technical skills.
Once the second iteration of the activity sequence is implemented, we will apply rigorous tools of analysis to its execution. The use of such tools would not have been meaningful in the first year, but is an essential part of any future development.
Lastly, we should formalize our design strategies and methodological approach, and investigate how and where they can be applied elsewhere.
